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Abstract 

Recently, Dressel et al determined the vertical deflection of a light ray in a 
medium, with strong frequency-dependent dispersion, at rest in a uniform gravi- 
tational field. We take up this question within the general relativistic theory of the 
propagation of light in a dispersive medium, due to Synge. 

In a recent paper pQ , Dressel et al determined the vertical deflection Az of a light ray in 
a medium, with strong frequency-dependent dispersion, at rest in a uniform gravitational 
field. Following their method, they found 

where g is the acceleration due to the Earth gravity, L the covered distance and v p and v g 
are respectively the phase velocity and the group velocity of this dispersive medium. 

We take up this question in a more general approach. We consider the general rela- 
tivistic theory of the propagation of light in a dispersive medium, proposed by Synge [2j 
a long time ago. We first summarize briefly this theory in a curved space-time. Then, 
we carry out the exact calculations in the case of the Rindler space-time representing a 
uniform gravitational field. For a weak acceleration of gravity, we find again formula ([I]). 
In our knowledge, this approach of the problem has not been already performed. 

We consider a space-time which is described by a metric in a coordinate system 
(x^ 1 ). We adopt the signature ( — h ++) for the metric. We use units in which c = 1. The 
dispersive medium is described by its 4-velocity V 1 , satisfying g^ v V^V y = —1. We now 
consider the propagation of a wave in a dispersive medium. It is denned by the equation 
S^) = constant where S is a function. The vector of propagation is defined by 

K = %S. (2) 
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The frequency u of the wave, relative to V^, has the expression 

UJ 

The phase velocity v p , relative to V\ is given by 

1 _ g^%X 



(3) 



(4) 



In classical theory of optics, a dispersive medium is characterized by the refractive index 
n which is the reciprocal of the phase velocity, i.e. 



n = — , 



(5) 



and consequently the relation of dispersion takes the form 



g^K - (n 2 - l) uj 2 



0. 



(6) 



The refractive index n is a given function n{x^,oj) which characterizes the dispersive 
medium. 

The equations of the light rays are derived from the Hamiltonian function 

1 r 
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H(x»k 



g^ix^K - (n 2 (x\ u) - l) ^ 



(7) 



where uo = u(x x , k a ) given by ([3]). The characteristic curves of 7i{x^, k v ) = are the light 
rays. From the usual canonical equations, we find thus the following system of differential 
equations for a parameter A: 
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and we have to add constraint (El). 

The curves x M (A) define the congruence of world-lines of light rays, i.e. the trajectories 
of the pulses of light. So, the vector dx^/dX must be timelike or null. The group velocity 
v g , relative to V^, is given by 

dx^ dx v 
9^u 
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According to (EL we easily see that 
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By inserting expressions (TTTT) into ([ED , we obtain 

v 9 = -g 



v 9 = (12) 



We assume that the solutions to differential equations (jSJ) and (jUJ) yield f s < 1. 

We add the following property in the case where there exists a vector £ M which is a 
Killing vector for the metric and also for the dispersive medium, i.e. 

Ctf^ = , £ ? n = and C^V^ = (13) 

where is the Lie derivative with respect to From equations (jSJ) and (jUJ), we can 
straightforwardly deduce the following differential equation along the light rays: 



^«"M = 0, (14) 



and hence we get that ^k^ is a constant of motion. 

We are now in a position to consider the case of the Rindler space-time described by 
the metric 

ds 2 = - (1 + gzf (dx ) 2 + dx 2 + dy 2 + dz 2 , (15) 

well defined for gz > —1. When \gz\ <C 1, metric (fT5j) represents a Newtonian potential 
£7 = — in Galilean coordinates where g is the acceleration of the gravity. We assume 
that the dispersive medium is at rest in these coordinates and moreover that the refractive 
index n does not depend on the position, n = n{oj). The 4- velocity V^ 1 has the following 
components: 

V° = and V x = V y = V Z = 0. (16) 

1 + gz 

In metric ( 1T51) with 4-velocity ( TIB"!) , there are three Killing vectors d/dx°, d/dx and d/dy. 

We consider a light ray in the plane x — 0, horizontally emitted at the point y = and 
2 = 0. The constants of motion (fT4l) are denoted 



k = —uj , k x = and fc y = u> k (17) 
where c^o and k are constants. According to Q, we notice that 

^0 /, x 



1 + ^' 



We see from (fTgj) that co>o is the frequency of the wave, relative to V^ 1 , at z = 0. We write 
down equation in this particular case 

d% dy , . dz . ,. nS 

- = , - = ^k and - = k z . (19) 



1 As noticed by Bicak and Hadrava [3], there is a misprint in the book of Synge [2]. 
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We now give the relation of dispersion Q with expressions (IT7|) and (ITBl 



^ 2 + (^) 2 -n 2 M-^L = . (20) 

0- + 9Z) 

At the point y = and z = 0, we have k z = since the light is horizontally emitted. 
Consequently, we get from relation (120]) at z = the value of the constant k 

k = n(u ). (21) 

Finally, we obtain the desired expression of k z 

(m = n ; 2 -»m4 (22) 

Taking into account ( Tl9|) . we find from ( |22l) the exact differential equation 

2 n 1 1 



(23) 



Vdj/y (1 + gz) 2 n 2 (uj ) 

giving the vertical deflection of the light ray when the refractive index n{uS) of the dispersive 
medium is known. 

We are now ready to determine the vertical deflection in the limit where \gz\ 1. We 
expand expression (1231) linearly in gz 

dn 

y — 2sz - <24) 

Making use of (jl]) and ffl2l) expressed at z = 0, we rewrite ff24l) under the form 



with z < of course. Differential equation (J25J) leads obviously to formula ([T]) of Dressel 
et al pQ. 

We have obtained a general result. We have not made the slow light approximation 
that the refreactive index is linear in the frequency. 
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